Most current linkage analyses assume identical fractions of meiotic recombination between homologous marker loci of the two sexes. This assumption is not realistic, because considerable sex-related differences have been observed in recombination fraction. In this paper, a general EM-based algorithm is presented to estimate sex-specific recombination fractions for a mixed set of molecular markers segregating differently in a full-sib family derived from two heterozygous parents. The asymptotic variances of the estimates of linkage specifically for each of the parents are evaluated using a numerical analysis based on information functions. This approach will have important implications for precise gene mapping based on sex-specific linkage maps.
Introduction
Genetic mapping for outcrossing species is primarily based on existing full-sib families derived from heterozygous parents (Grattapaglia & Sederoff, 1994) . Because these existing families were originally generated for the purpose of exploiting possible heterosis, most of the parent pairs for crosses are genetically divergent. If the two parents of a full-sib family are selected from different species or different populations, across-parent heterogeneity probably exists in map distance between homologous marker loci. There has been much well-documented evidence for the variation in the rate of meiotic recombination among related species, among families and over environments (Korol et al., 1994) . Under the action of natural selection, the difference in recombination rate might also happen between the two sexes. Morgan (1912) first described an extreme case in which recombination is absent in male Drosophila. In angiosperm plants, the females appear to have a higher genomic map length than the males (e.g. Burt et al., 1991 ; de Vicente & Tanksley, 1991 ; Graner et al., 1991) . In gymnosperms, greater meiotic recombination is observed in male than in female gametes (Moran et al., 1983 ; Groover et al., 1995) . However, the effect of sex on recombination rate is not uniform throughout the genome, being stronger in some intervals, absent in others and, in a few cases, opposite to the general tendency (de Vicente & Tanksley, 1991 ; Groover et al., 1995 ; Plomion & O'Malley, 1996) .
The identification of chromosomal regions heterogeneous between two different parents in a full-sib family owing to either the sex effect or population divergence, or to both, requires appropriate statistical analyses of recombination data. Linkage analysis for a mixed set of markers with a variable number of alleles per locus and different segregation patterns has been carried out by Ritter et al. (1990) , Arus et al. (1994) , Ritter and Salamini (1996) , Maliepaard et al. (1997) and Ridout et al. (1998) . However, all of these studies are based on the assumption that the recombination rate of each pair of homologous marker loci is identical between the two parents. Generally, in a finite population, a downward bias frequently happens in the set of estimates for recombination rate with a significant test statistic (Maliepaard et al., 1997) . Thus, when these previous methods are used to perform linkage analysis for two linkage-divergent parents, recombination rates would be underestimated more seriously for the parent with higher recombination rates. Overall, the use of a sex-averaged map would lead to higher type I errors when the two parents are more different in recombination rate. To consider the effect of possible differences of recombination rate between two parents, many analyses have been performed separately for the parents (e.g. Grattapaglia & Sederoff, 1994 ; Maliepaard et al., 1998) . Such analyses, however, do not make simultaneous use of segregating markers from both parents, thereby reducing their power to detect a linkage.
In this paper, we develop a general statistical algorithm for estimating sex-specific recombination rates between different types of markers by using an entire marker data set in a full-sib family. Simulation results suggest that simultaneous estimates for recombination rates that are different between the parents can increase the precision and power of linkage estimation.
Statistical methods

(i) Likelihood function
In a full-sib family derived from two parents of an outcrossing species, the number of different alleles (up to four non-null types a, b, c and d, and a null type o) can vary across marker loci. Considering all possible combinations of alleles between the two outbred parents, Ritter and Salamini (1996) and Maliepaard et al. (1997) specified seven different segregation patterns, each of which provides unique information for linkage analysis, as follows.
A Loci that are heterozygous in both parents and segregate in a 1 : 1 : 1 : 1 ratio, e.g. abicd. B Loci that are heterozygous in both parents and segregate in a 1 :2:1 ratio. This is divided into three groups, as follows (Grattapaglia & Sederoff, 1994) between the parents and segregate in a 1 : 1 ratio. This is divided into two groups, as follows D " Heterozygous in one parent and homozygous in the other, e.g. abiaa.
We denote one of the parents P and the other parent Q, and the two chromosomes in each parent are P " , P # , Q " and Q # , respectively. For a particular marker, regardless of its marker type, there are four possible parental chromosome pairings (PCPs) in the progeny :
, where stands for two homologous chromosomes at the left and right. Depending on the segregating pattern of a marker, these four PCPs will produce different phenotypes observed as bands on a gel.
Consider two adjacent markers in a linkage group of m markers with a known order. We denote the recombination fraction between the two markers as r P in parent P and r Q in parent Q. The estimates of the recombination fractions rely upon the linkage phase of the parents at the two markers ; that is, the relative assignment of the two alleles from each marker in the two single chromosomes of each parent. Obviously, for each pair of markers, there are four possible combinations of linkage phases between the two parents for the parent cross PiQ : (1) coupling icoupling ; (2) couplingirepulsion ; (3) repulsion icoupling ; and (4) repulsionirepulsion. Under each linkage phase combination or assignment, the conditional probability of the progeny PCP genotype of marker 2 given marker 1 can be derived, which represents the transition probability of recombination events between the two markers at the PCP genotype level. The transition probability is represented by a (4i4) matrix H, whose elements are given in Eqns 1-4 for any assignment k (k l 1 … 4). The two (4i4) matrices at the right of H k are those of the number of recombination events between the two markers for parents
Because the PCP genotypes and phenotypes might not be correspondent (except for marker type A), depending on the segregation patterns of markers, they should be connected using a (4ip i ) incident matrix (see equations 5),
where p i is the number of PCP phenotypes observable as bands on a gel for marker i, which is 4, 3, 3, 3, 2, 2 or 2 for marker types A, B " , B # , B $ , C, D " or D # , respectively. Thus, assuming that the marker data are independent among N offspring, the likelihood of the PCP phenotype (U) for the two markers can be expressed as,
where W jj is the jth diagonal element of symmetric matrix,
where U pi is a ( p i iN) 1\0 matrix indicating the phenotypes of marker i in which 1 denotes the phenotype observed for an individual and 0 denotes the phenotype not observed for the same individual.
matrix of the transition probability from markers 1 to 2 at the phenotype level. T denotes the transpose of a vector or matrix.
Considering all markers in the linkage group, the likelihood of Eqns (6a-c) can be calculated via a hidden Markov chain process (Lathrop et al., 1985 ; Lange, 1997 ; Jiang & Zeng, 1997 ; Ling, 2000) , using Eqn 7,
where i and ij1 are indices of two adjacent markers.
For an assignment k of linkage phase between markers i and ij1, the recombination fractions of the markers in parents P and Q, can be estimated by maximizing the log-likelihood of Eqn 6 with respect to r P i(i+") and r Q i (i+") , and solving the likelihood equations.
To obtain the MLE for r P i (i+") and r Q i(i+") , the expectation and maximization (EM) algorithm can be used for parameter estimation (Dempster et al., 1977 ; . The general equations formulating the iteration of the otj1qth EM step are given as follows.
1. E step : Calculate the expected numbers of recombination events between markers i and ij1 for offspring j under assignment k,
for parent P and
for parent Q, where u l i j is the jth column of U p i describing the PCP phenotype l i of individual j at marker i and @ denotes an elementwise product of two matrices. 2. M step : Calculate under assignment k using the equations,
These iterative procedures are repeated between Eqns 9 and 10 until the values converge to stable values. These stable values represent the maximum likelihood estimates (MLEs) of the recombination fraction between markers i and ij1 for assignment k.
(
ii) Characterization of linkage phases
The statistical analyses described above are performed separately for different linkage phase combinations in parents. Thus, with two markers, we will have four different estimates for a single recombination fraction in each parent, with each estimate corresponding to a particular linkage phase combination or allelic assignment in parents. Here, Bayes' theorem is used to characterize the most likely linkage phase combination in parents (and therefore the best estimate for recombination fraction). When considering recombination fractions between all possible adjacent markers, the most likely parental linkage phase combination over the m markers is characterized by calculating the posterior probability for each of a total 4 m−" parental assignment combinations,
where : k " to k m−" are the k " th assignment of the alleles between markers 1 and 2 to the k m−" th assignment of the alleles between markers mk1 and m ;
is the prior probability of a particular assignment combination and assumed to be uniform ; and
) is the likelihood of the data U given the assignment combinations for the m markers, which can be calculated from Eqn 7. The largest posterior probability corresponds to the most likely assignment combination among the m markers.
(iii) Hypothesis tests Given any two adjacent markers i and ij1, their linkage under an optimal linkage phase combination for the two parents can be tested by formulating the hypotheses H ! (free recombination ; r P i(i+") l r Q i(i+") l 0n5) and H " (linkage ; at least one of them is not equal to 0n5). The significance of linkage is tested based on the likelihood ratio test statistic,
where the numerator and denominator are the likelihood of the data for assignment k of markers i and ij1 under absence of linkage and under linkage, respectively. The value of LR "i(i+") approximately follows a χ-square distribution with two degrees of freedom under the null hypothesis. The sex-specific difference of the recombination fraction under an optimal linkage phase configuration can also be tested by formulating H ! :
. The hypotheses are tested by calculating a similar test statistic,
where " stands for the MLE of recombination fraction under the null hypothesis. The value of LR #i(i+") is distributed as a χ-square variable with one degree of freedom. Several other statistics can also be used to test linkage, such as Mather's linkage test χ# L (Mather, 1951) or the contingency test for independence (Garcia-Dorado & Gallego, 1992) .
Precision analysis
The precision of the MLE can be assessed by its sampling variance, which is approximately equal to the inverse of Fisher's information (i.e. the expectation of minus the second derivative of the log-likelihood function). Under the assumption of identical recombination fraction between two parents, the information functions were compared between different marker combinations (Mather, 1951 ; Ritter et al., 1990 ; Ritter & Salamini, 1996 ; Maliepaard et al., 1997) . In this study, we use the information functions to examine the effect of sex-specific difference on the precision of the estimate of recombination fraction. The information function measuring the quality of the MLE r P i(i+") is given by
A similar equation can also be written for the MLE of the recombination fraction for parent Q. We derive the information functions of the estimated recombination fractions for all possible combinations of different types of markers when the recombination fractions are considered to be different between two parents ( Table 1 ). The amount of information about the recombination fraction is lower when a sex-specific difference is assumed than when no sex-specific difference is assumed, with the rate of reduction depending on marker combination. For example, the information for two 1 : 1 : 1 : 1-segregating markers is reduced by a half if the recombination fraction is considered to be different between the two parents, whereas such a reduction can be less than a half or even less than a third for two markers, one from type A and the other from type B " or B # . The information about the recombination fraction is unchanged for any two paired markers one of which from type D, because one parent homozygous at marker type D does not provide information for segregation analysis.
The information functions of recombination fraction might have different forms for the same marker pair when allelic configurations are not symmetrical between the two parents ( Table 1) . For example, one null allele in one parent for marker B " or B # make its resulting allelic configurations asymmetrical, leading to different forms of information function between the two parents when marker B " or B # is paired with any other marker (except for the case in which these two markers are paired with each other). Although a type C dominant marker is symmetrical, an asymmetrical allelic configuration will occur when two dominant alleles are in a coupling phase in one parent and in a repulsion phase in the other, and therefore have different forms of the information function for the two parents. The forms of the information function can be different when different allelic configurations are assumed for marker pairs B " -B # and C or C and C ( Table 1) .
Because two recombination fractions are estimated in this study, the information function for each cannot be used precisely to assess the sampling errors of the estimates when the two estimates are correlated. Such a correlation does not occur between marker pairs of type A, B " and B # , and cannot be estimated between marker pairs with one marker from type D. The correlation between two estimates of sex-specific recombination fractions should be considered to estimate the asymptotic sampling variances of the estimates. We compare the sampling variances of the estimates as a function of recombination fraction by pairing the most informative marker A, the moderately informative marker B and the least informative marker C. As expected, the asymptotic sampling variance of the estimated recombination fraction between two type A markers is the lowest of all possible marker pairs (Figs 1-4) . Also, the sampling variance of the estimated recombination fraction between two type A markers from one parent is only affected by the degree of linkage in this parent and is unaffected by the Table 1 
. The formulae for calculating the information of the MLE of recombination fraction for different combinations of markers when the recombination fraction is different between two parents P & Q a Locus
There is a sex-specific difference There is no sex-specific difference
a Different marker combinations. The marker types for marker 1 given in parentheses are only compared with those for marker 2 in parentheses. b r n denotes the recombination fraction for the parent that contains no null allele at marker B " \B # ; r o is associated with the parent containing a null allele at the same marker ; r n is associated with the parent that is heterozygous at a D " \D # marker. C or R mens a coupling or repulsion phase, respectively, for two non-null alleles, each from a marker in a parent. When there is the same form of the information function for the two parents, only one formula for the information is given. ρ l r P jr Q k2r P r Q , l r P jr Q kr P r Q . degree of linkage in the other parent (Fig. 1a) . When a type A marker is paired with a type B $ (Fig. 1b) or C (Fig. 1c) marker, the sampling variance of the estimated recombination fraction increases significantly. In the A-B $ or A-C pair, the sampling variance of the estimate is affected by the degree of linkage in the parent under consideration and also by the degree of linkage in the other parent. The sensitivity of the sampling variance of the estimate to the degree of linkage in the alternative parent is stronger when two markers are loosely rather than tightly linked in the parent under consideration.
The influence of sex-specific differences on the estimate of recombination fraction is much more complex when two paired markers are each from a partially informative marker type. For example, the sampling variance of the estimated recombination fraction between type B " or B # and type C markers is affected by the degree of linkage in both parents and the linkage phase of the two markers in the parents (Fig. 2) . The estimate of the recombination fraction of markers B " and C has a smaller sampling variance for the parent that includes the non-null allele at B " (Fig.   2a, c) than for the parent that includes the null allele at this marker (Fig. 2b, d ). This contrast is much sharper when the two dominant alleles, one from B " and the other from C, are in a repulsion phase (Fig.  2a, b) rather than a coupling phase in a parent (Fig.  2c, d) . Also, the sampling variance of the estimate of the recombination fraction in the parent containing the non-null allele at B " is not much affected by the degree of linkage in the alternative parent containing the null allele at this marker (Fig. 2a, c) , whereas the sampling variance of the recombination fraction in the parent containing the null allele is highly sensitive to the degree of linkage in the parent containing the non-null allele (Fig. 2b, d ) .
The sampling variance of the estimate of recombination fraction between type B $ and C markers is more sensitive to the difference of linkage between the two parents than to the degree of linkage itself (Fig.  3) . The sampling variance of the estimate increases with the reduced difference of linkage between the two parents and tends towards infinity when the difference approaches zero. Also, if these two types of markers have a loose linkage, the between-parent difference of linkage must be very large to generate a reasonably small sampling variance. Given these properties, parent-specific linkage analysis is not recommended for type B $ and C markers unless there is strong evidence for a difference between their linkage in the two parents.
When two type C markers are paired, the two parents have three different allelic configuration combinations for two dominant alleles : (1) coupling phaseicoupling phase ; (2) coupling phaseirepulsion phase ; and (3) repulsion phaseirepulsion phase. The sampling variance of the estimate of recombination fraction cannot be evaluated for the third combination because the information matrix is singular. The amount and change pattern of the sampling variance of the estimate are different in the first two combinations (Fig. 4) . When two dominant alleles from a marker are in a coupling phase in both parents, the sampling variance of the estimate is larger than when they are in a coupling phase in one parent (Fig. 4a) but in a repulsion phase in the other (Fig. 4b) . If two dominant alleles are in a coupling phase, the sampling variance is only dependent on the degree of linkage in the alternative parent, being unaffected by the degree of linkage in the parent under consideration. When two dominant alleles are in a coupling phase in one parent but in a repulsion phase in the other, the estimate of recombination fraction has different sampling variances for the two parents. The estimate from the parent with two dominant alleles in a coupling phase has smaller sampling variances than the estimate from the parent with two dominant alleles in a repulsion phase. Generally, small sampling variances of the estimate for the mixed linkage phase between the two parents mean that two dominant markers can provide a precise estimate of recombination fraction when the sex-specific difference of linkage is assumed. This is in sharp contrast to the situation in which two dominant markers are not effective for the estimate of recombination fraction when the same linkage is assumed between the two parents (Maliepaard et al., 1997) .
Discussion
Linkage analysis for molecular markers is more challenging for a full-sib family derived from outbred parents than for a family of two inbred parental lines, for two reasons. Firstly, there are uncertainties in an outbred family about the number of alleles per marker locus and the linkage phase between different markers. Secondly, the two parents used to make a full-sib family are usually genetically diverged because the original purpose of the mating is to exploit possible heterosis. Thus, the differences in map distances of markers likely occur between the two parents, as suggested by a number of molecular studies in a variety of organisms (see Introduction). Different map distances in homologous pairs of chromosomes can be caused by differences in DNA sequence, DNA content and chromosomal rearrangements. The linkage analysis strategies in the current literature have not considered sex-specific differences in recombination fraction within a framework of multilocus linkage phase inferences, and so cannot accurately manipulate the increasingly accumulative data of molecular markers from various laboratories.
In this paper, we propose a general EM algorithm for estimating recombination fractions specifically for different parents for a mixed set of molecular markers segregating as 1 : 1 : 1 : 1, 1 :2:1, 3:1 or 1 : 1 in a full-sib family. It is likely that these types of markers occur simultaneously in an outbred population and can be characterized using a variety of marker systems, such as microsatellite, RAPD and AFLP. Compared with previous linkage analyses by Ritter et al. (1990) , Arus et al. (1994) , Ritter and Salamini (1996) , Maliepaard et al. (1997) and Ridout et al. (1998) , our analysis has three major advantages for analysing linkage between different marker types. First, a general procedure has been implemented for linkage analysis of various types of markers based on multilocus linkage phase inferences. The previous analyses presented all possible pairs of different types of markers and gave individual formulae for estimating recombination fraction between a pair of markers by assuming one of the four possible combinations of linkage phases in the two parents. Such a strategy is not very efficient for computer implementation. Second, our analysis considers sex-specific differences in recombination fraction, which can eliminate the bias in estimating linkage generated by traditional methods that assume an identical rate of recombination between two parents. Finally, the previous analyses cannot clearly specify linkage phases between those markers of symmetrical cross types between two parents (i.e. types B $ or C). Assume that parents P and Q have a symmetrical cross type at two markers, one from type B $ and the other from type C (aaboiaabo). For this cross type, linkage phase assignments
cannot be distinguished when the recombination fraction of the two markers is postulated to be identical between the two parents (Maliepaard et al., 1997) . However, this problem can be well solved using our analysis by taking sex-specific difference into account. Our linkage analysis method also has the strength of simultaneously estimating linkage and parental linkage phase over all markers from a chromosome. The characterization of parental linkage phase configuration is based on the calculation of posterior probabilities conditional on a given marker data set. The highest posterior probability corresponds to the most likely linkage phase configuration. But this strategy will be computationally burdened when many markers are considered at the same time. For example, when there are ten 1 : 1 : 1 : 1-segregating markers, the number of linkage phase configurations will be 4* l 262,144. A feasible approach to manipulating many markers includes two steps : (1) characterizing the linkage phase configuration over a small number of selected markers (five or so) that are more informative ; and (2) using these phase-determined markers as anchors to characterize the linkage phases of the rest of the markers. This approach can also be used to determine the best order of markers on the same chromosome. On the framework map of informative markers that can be effectively ordered with existing software , one can use a stepwise analysis procedure to put those less informative markers at right positions.
In this study, the precision of the estimate of sexspecific recombination fractions is assessed using a numerical analysis of the asymptotic sampling variance of the estimate based on the information function. The precision analysis under the assumption of sexspecific differences in linkage is performed for several representative marker pairs and compared with that under the assumption of identical linkage between two parents. The sampling variance of the estimate is expected to increase when the sex-specific difference is characterized, although the rate of increase depends on marker pair types and allelic configurations. The sex-specific linkage analysis of marker pairs B $ and C might generate huge sampling errors if the difference in linkage between two parents is small. However, for marker pairs C and C, sex-specific linkage analysis has high precision, especially when two dominant alleles are in a coupling phase in one parent but a repulsion phase in the other. In practice, the simultaneous use of our sex-specific linkage analysis and traditional linkage analysis is recommended. Sex-specific linkage analysis is expected to be reasonably precise when an actual difference occurs in linkage between two parents.
Most current mapping studies have used sexaveraged maps in the search for genes. Given large differences in the level of meiotic recombination between the female and male parents in both animals and plants, such an analytical strategy is not effective and probably provides misleading information for gene mapping. Now, a more powerful linkage analysis for simultaneously estimating recombination fractions specifically for each of the two parents for different marker types is available, permitting the precise mapping of genes of various interests in an outbred full-sib family based on sex-specific linkage maps.
